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1
Rarita-Schwinger potentials in quantum cosmology
Abstract. This paper studies the 2-spinor form of the Rarita-Schwinger potentials sub-
ject to local boundary conditions compatible with Becchi-Rouet-Stora-Tyutin invariance
and local supersymmetry. The Rarita-Schwinger eld equations are studied in an arbi-
trary 4-real-dimensional Riemannian background with boundary. Gauge transformations
on the potentials are shown to be compatible with the eld equations providing a set
of second-order partial dierential equations hold. An equivalent, rst-order form of the
compatibility conditions is also obtained. The restrictions on the choice of background
4-geometries are less severe than in the case of Dirac potentials with reective boundary
conditions on eld strengths. The recent construction by Penrose of secondary poten-
tials which supplement the Rarita-Schwinger potentials is then extended from Ricci-at
space-times to Einstein backgrounds. Remarkably, the traces of such secondary potentials
are linearly related to the independent spinor elds appearing in the Rarita-Schwinger
equations. The resulting set of equations for these secondary potentials is hence obtained.
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1. Introduction
Over the last few years, many eorts have been produced to study locally supersymmetric
boundary conditions in perturbative quantum cosmology [1-7]. The aim of this paper is
to complete an analysis of the corresponding classical elliptic boundary-value problems.
Indeed, in [8] it was shown that one possible set of local boundary conditions for a eld of





































can only be imposed in at Euclidean backgrounds with boundary. However, such bound-
ary conditions (originally motivated by supergravity theories in anti-de Sitter space-time
[9-10]) are not appropriate if one studies supersymmetry transformations at the boundary
in one-loop quantum cosmology [5]. By contrast, it turns out one has to impose another set
of locally supersymmetric boundary conditions, rst proposed in [1]. These are in general
mixed, and involve in particular Dirichlet conditions for the transverse modes of the vector
potential of electromagnetism, a mixture of Dirichlet and Neumann conditions for scalar
elds, and local boundary conditions for the spin-
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are the independent (i.e. not related by any
conjugation) spatial components (hence i = 1; 2; 3) of the spinor-valued 1-forms appearing
in the action functional of Euclidean supergravity [5,11].
In the light of the results outlined so far, a naturally occurring question is whether
an analysis supplementing the one in [8] can be used to derive restrictions on the classical
boundary-value problem corresponding to (1.2). Such a question is of crucial importance
for at least two reasons:
(i) In the absence of boundaries, extended supergravity theories are naturally formulated




potentials and in the presence of boundaries can only be studied in at Euclidean
4-space, this result would make it impossible to consider the most interesting supergravity
models when a 4-manifold with boundaries occurs.
(ii) One of the main problems of the twistor programme for general relativity lies in the
impossibility to achieve a twistorial reconstruction of (complex) vacuum space-times which
















vanish). To overcome this diculty, Penrose has proposed a new denition
of twistors as charges for massless spin-
3
2
elds in Ricci-at Riemannian manifolds (see
references in the following sections). However, since gravitino elds have been studied
also in Einstein backgrounds which are not Ricci-at, one is led to ask whether the recent
Penrose formalism can be applied to study a larger class of Riemannian 4-manifolds with
boundary.
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For this purpose, we study a Riemannian background 4-geometry, and we focus on the
Rarita-Schwinger potentials with their gauge transformations. This is the content of section
2. Section 3 derives compatibility conditions from the gauge transformations of section 2,
and from the boundary conditions (1.2). The admissible background 4-geometries are then
studied in section 4. Section 5 is devoted to the secondary potentials that supplement the
Rarita-Schwinger potentials in an arbitrary curved background, generalizing the Penrose
construction of such potentials in Ricci-at space-times. Concluding remarks and open
problems are presented in section 6. Relevant details about the 2-spinor form of Rarita-
Schwinger equations are given in the appendix.
2. Rarita-Schwinger potentials and their gauge transformations













of the gravitino eld in Riemannian backgrounds. In terms













































are no longer symmetric in the second and third index [14]. From
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now on, they will be referred to as spin-
3
2
potentials. They obey the dierential equations












































































is the spinor covariant derivative corresponding to the curved connection r of














correspond to the trace-free part of the
Ricci tensor, the scalars  and
e






are a pair of independent spinor elds, corresponding to the Majorana eld in












































are no longer taken to be solutions of the Weyl equation. The only restriction
we impose on them is that the equations (2.3)-(2.6) should not be aected by (2.7)-(2.8)
(see section 3).
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3. Compatibility conditions
Our task is now to derive compatibility conditions, by requiring that the eld equations
(2.3)-(2.6) should also be satised by the gauge-transformed potentials appearing on the





























































































































are the self-dual and anti-self-dual Weyl spinors respec-
tively.
Thus, on using the equations (2.3)-(2.8) and (3.1)-(3.6), the basic rules of 2-spinor





































































on the background 4-geometry. Moreover, we have to require that the gauge transforma-
tions (2.7)-(2.8) should not lead to boundary conditions on the curvature of the background
(cf [8]). The boundary conditions on S
3

































4. Admissible background 4-geometries
The system of equations (3.7)-(3.10), despite its elegance, is very complicated. One can,
however, obtain an equivalent system which only involves rst-order covariant derivatives.
For this purpose, we point out that, since 
A
0
is not a solution of the Weyl equation, a












By virtue of (3.4), (3.7) and of the reality condition  =
e





























Moreover, after writing down explicitly the four terms on the left-hand side of (3.8), the
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After solving for 
B
this rst-order equation, the spinor eld appearing in the gauge













Note that, so far, our analysis of the gauge freedom for Rarita-Schwinger potentials applies
to any vacuum space-time with non-vanishing cosmological constant, since we have divided
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Remarkably, this boundary condition does not lead to restrictions on the curvature of
the background. Hence the gauge freedom for Rarita-Schwinger potentials only leads to






5. Secondary potentials in curved Riemannian backgrounds
As shown by Penrose in [18], in a Ricci-at space-time the Rarita-Schwinger potentials may
be supplemented by secondary potentials. Here we prove that such a local construction
can be generalized to the curved backgrounds of section 4. For this purpose, we introduce















Of course, special attention should be payed to the index ordering in (5.1), since the
primary and secondary potentials are not symmetric (cf [8]). On inserting (5.1) into (2.3),

























































































































































 in our real background (section 4). Moreover, we have to insert (5.1) into the
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In (5.11) we have used again the reality condition for the scalar curvature and for the
trace-free part of the Ricci spinor [15].


















































































































































It should be emphasized that (5.4), (5.8), (5.11), (5.14), (5.16)-(5.17) are a complicated
set of equations for secondary potentials which may or may not have a solution for a given
choice of background. In the particular and relevant case of Einstein backgrounds, where
12
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Note that equations (5.19) and (5.21) lead to secondary potentials which depend explic-
itly on the curvature of the background. This is avoided providing one of the following
conditions holds:
(i) The conformal curvature and the cosmological constant of the background vanish;
(ii) The symmetric parts of the secondary potentials vanish.
In the former case one nds that the only admissible background is again at Euclidean
4-space with boundary, as in [8]. By contrast, in the latter case, the Einstein backgrounds
relevant for supergravity theories and for various cosmological models are still admissible,














































The equations (5.22)-(5.25) ensure the validity of equations (5.4), (5.14), and (A6)-(A7)
of the appendix.
6. Concluding remarks and open problems
One-loop quantum cosmology makes it necessary to study Rarita-Schwinger potentials (cf
[20]) about curved 4-dimensional Riemannian backgrounds with boundary. The corre-
sponding classical analysis has been performed in our paper, to complement the analysis
of Dirac potentials appearing in [8,21]. Our results are as follows.
(1) The gauge transformations (2.7)-(2.8) are compatible with the Rarita-Schwinger equa-
tions (2.3)-(2.6) providing the second-order equations (3.7)-(3.10) hold. In the light of
(4.1) and (4.6), an equivalent form of such a system takes the rst-order form (4.4)-(4.5)
jointly with (4.7)-(4.8).
(2) Gauge transformations of primary potentials do not lead to boundary conditions on
the curvature of the background (cf [8,21] and see below).
(3) The Penrose construction of secondary potentials for Ricci-at space-times may be
extended to arbitrary curved backgrounds providing the equations (5.4), (5.8), (5.11),
(5.14), (5.16)-(5.17) hold. In particular, Einstein backgrounds with boundary can be stud-
ied if the equations (5.22)-(5.25) hold. Hence the secondary potentials supplementing the
Rarita-Schwinger potentials have a very clear physical meaning in Einstein 4-geometries
14
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corresponding to the Ma-
jorana eld in the Lorentzian version of (2.3)-(2.6). [One should bear in mind that, in real
Riemannian 4-manifolds, the only admissible spinor conjugation is Euclidean conjugation,
which is anti-involutory on spinor elds with an odd number of indices [5,22]. Hence no
Majorana eld can be dened in real Riemannian 4-geometries]
Thus, despite the very restrictive results obtained in [8,21] for Dirac potentials, it
may be legitimate to study the mode-by-mode form of semi-classical quantum amplitudes
for Rarita-Schwinger potentials about Einstein backgrounds. What happens is that, on
imposing (5.4) and (5.14), the symmetric and anti-symmetric parts of the secondary po-
tentials can both be used only in at Euclidean 4-space, while in Einstein backgrounds
with non-vanishing cosmological constant such potentials reduce to the forms given in
(A4)-(A5). Remarkably, a formalism originally motivated by twistor theory [18,23-25] has
been generalized within the framework of classical boundary-value problems relevant for
one-loop quantum cosmology.
We also think that the following property should be emphasized once again. In the
case of reective boundary conditions (1.1) on eld strengths expressed locally in terms of
Dirac potentials, a gauge transformation on such potentials leads to additional conditions
at the boundary involving the curvature of the background [8,21]. To avoid having such
extra boundary conditions, one has then to set to zero everywhere a part of the curvature
of the background [8,21]. In our paper, however, since the boundary conditions (1.2)
involve the potentials (rather than eld strengths), the gauge transformations (2.7)-(2.8)
lead instead to the additional boundary conditions (3.11). These involve only rst-order
15
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covariant derivatives of the spinor elds occurring in the gauge freedom of the problem,
and hence can be satised without having to set to zero everywhere a part of the curvature
of the background.
Moreover, many interesting open problems are found to arise:
(i) To complete the analysis of gauge freedom for primary potentials, by solving the elliptic
boundary-value problem for which (4.7) and (4.10) hold, and similarly for (4.4). This is
the classical counterpart of the ghost eld of the quantum theory.
(ii) To relate equations (5.4) and (5.14) to the theory of integrability conditions relevant
for massless elds in curved backgrounds [18]. Is this possible ? What happens when such
equations do not hold ?
(iii) Is there an underlying global theory of Rarita-Schwinger potentials ? In the armative
case, what are the key features of the global theory ?
(iv) Can one dene twistors as charges for spin
3
2
in Einstein backgrounds ?
(v) Can one reconstruct the Riemannian 4-geometry from the twistor space, or from what-
ever is going to replace twistor space ?
Thus, the results and problems presented in our paper seem to add evidence in favour
of a deep link existing between twistor geometry, quantum cosmology and modern eld
theory.
16
Rarita-Schwinger potentials in quantum cosmology
Acknowledgments
G Esposito is much indebted to Roger Penrose for making it possible for him to study
the earliest version of his work on secondary potentials necessary to supplement Rarita-
Schwinger potentials. An anonymous referee made comments which led to a substantial
improvement of the original manuscript. Our joint paper was supported in part by the
European Union under the Human Capital and Mobility Program, and by research funds
of the Italian Ministero per l'Universita e la Ricerca Scientica e Tecnologica. Moreover,
the research described in this publication was made possible in part by Grant No MAE000
from the International Science Foundation. The work of A Kamenshchik was partially
supported by the Russian Foundation for Fundamental Researches through grant No 94-
02-03850-a, and by the Russian Research Project \Cosmomicrophysics". A Kamenshchik
is grateful to the Dipartimento di Scienze Fisiche dell'Universita di Napoli and to the
Istituto Nazionale di Fisica Nucleare for kind hospitality and nancial support during his
visit to Naples in May 1994.
Appendix












Rarita-Schwinger potentials in quantum cosmology
Thus, acting with r
CC
0
















































Equations (A1)-(A3) rely on the conventions in [13]. However, to achieve agreement with
the conventions in [18] and in our paper, the equations (2.3)-(2.6) are obtained by dening
























On requiring that (A5) and (5.1) should agree, and bearing in mind (5.18), one nds





















= 0 and e
B
0
obeys the Weyl equation (5.25). Simi-
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= 0 and 
B
obeys the Weyl equation (5.24). The
relevance of these particular solutions is described at the end of section 5.
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